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Swampland conjecture has been recently proposed to connect early time cosmological models with
the string landscape, and then to understand if related scalar fields and potentials can come from
some fundamental theory in the high energy regime. In this paper, we discuss swampland criteria
for f(R) gravity considering models where duality symmetry is present. In this perspective, specific
f(R) models can naturally belong to the string landscape. In particular, it is possible to show
that duality is a Noether symmetry emerging from dynamics. The selected f(R) models, satisfying
the swampland conjecture, are consistent, in principle, with both early and late-time cosmological
behaviors.
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I. INTRODUCTION
It has been argued that string theory landscape of
vacua is vast and populated by low-energy effective field
theories, surrounded by an even more vast swampland
where field theories are incompatible with quantum grav-
ity [1–4]. The swampland can be defined as the set of (ap-
parently) consistent effective field theories which cannot
be completed into any quantum gravity in the high en-
ergy regime. Since there can be nothing manifestly wrong
with the effective theory, inconsistencies would manifest
if one try to complete it in the ultraviolet regime [5]. Con-
sistently, embedding effective field theories into a general
quantum theory involving gravity, in particular, in the
context of string theory, requires distinguishing consis-
tent low energy effective field theories coupled to gravity
from inconsistent counterparts. Establishing the correct
criteria to identify the boundary between the landscape
and the swampland lead in a series of conjectures known
as weak gravity [6] and swampland conjectures [7], mo-
tivated by black hole physics [8] and string compactifi-
cation [9]. Recently, it was proposed that an effective
field theory, to be consistently embedded into quantum
gravity, must satisfy two specific criteria [10]. Based on
them, it was argued that if string theory should be the ul-
timate quantum gravity theory, there are evidences that
exact de Sitter solutions, with a positive cosmological
constant, cannot describe the fate of the late-time uni-
verse [7, 11–13]. On the other hand, some models with
varying equation of state can still be consistent with the
∗Electronic address: benettim@na.infn.it
†Electronic address: capozzie@na.infn.it
‡Electronic address: leilagraef@if.uff.br
conjecture [12]. Models with curvaton-like mechanisms
[14] or also with electroweak axion potential energy [15]
were studied showing that other mechanisms are still at
stake (see also [16–20] for recent works on the topic). In
addition, the two swampland criteria practically rule out
simple single field slow-roll models of inflation [10, 22],
while more complex models like, among others, multi-
field inflation [23] and warm inflation [24, 25] are still
allowed. The possibility that string theory does not al-
low for de Sitter vacua is not new [21] , however, it has
recently gained impetus by new evidences on the insta-
bility of a de Sitter phase (see e.g. [11]), and especially
by the recent quantitative proposal for a more detailed
constraint on potentials that are not in the swampland
region [7].
Swampland criteria can be investigated also for alter-
native theories of gravity [26, 27]. It is particularly in-
teresting because some modified theories of gravity are
a useful paradigm to cure shortcomings of General Rel-
ativity at ultraviolet and infrared scales, due to the lack
of a full quantum gravity theory [28]. In particular, some
of them are, in principle, capable of successfully address
phenomenology ranging from inflation to the accelerated
behavior of present universe [29–37]. In [38] an interest-
ing analysis of modified gravity theories in the context of
the swampland criteria was presented. Here we suggest
a different perspective on these theories. We present a
new interpretation based on the Noether Symmetry Ap-
proach from which duality, one of the main feature of
string theory, naturally emerge. Our further conjecture
is that models possessing duality can belong to the string
landscape and, viceversa, this feature is connected to the
presence of Noether symmetries. In our analysis, the im-
portant aspect is that some of these models can be framed
into fundamental theories [39–47]. In other words, one
of the main characteristics of string-dilaton theory, the
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2scale factor duality, holds also for some classes of f(R)
models presenting Noether symmetries [35, 48]. In gen-
eral, it can be demonstrated that string duality is related
to Noether symmetries for several alternative theories of
gravity [49–51]. According to this result, it is possible to
ask for the validity of swampland criteria for f(R) grav-
ity as a natural class of theories emerging from the string
landscape [38]. On the other hand, since f(R) gravity
is also working at late epochs to address the accelerated
expansion [52], it is realistic searching for models address-
ing swampland criteria, inflation and dark energy issues
under the same standard. In this work, we want to dis-
cuss f(R) models related to string landscape that can be
of interest also at late time for dark energy behavior.
This paper is organized as follows. In Sec.II, we present
a summary of f(R) gravity and cosmology. Sec.III is de-
voted to f(R) models presenting duality as generated
from the presence of a Noether symmetry in the La-
grangian. Such models can be, in principle, related to the
string landscape. After recalling conformal transforma-
tions, swampland criteria for f(R) are derived in Sec.IV.
Models connecting early and late cosmological behaviors
are discussed, in light of the swampland criteria, in Sec.V,
while discussion and conclusions are reported in Sec. VI.
The Noether Symmetry Approach adopted to relate du-
ality with conserved quantities is outlined in Appendix
A.
II. f(R) GRAVITY AND COSMOLOGY
Let we start recalling the field equations for f(R) grav-
ity, as well as the related Friedmann cosmology for this
theory. A general action describing f(R) gravity in four
dimensions, adopting physical units 8piGN = c = ~ = 1,
is
A =
∫
d4x
√−g[f(R) + Lm], (1)
where f(R) is a function of the Ricci scalar R and Lm
is the standard matter Lagrangian density. The Einstein
field equations can be written in the form
Gαβ = Rαβ − 1
2
gαβR = T
curv
αβ + T
m
αβ ,
where
T curvαβ =
1
2fR(R)
gαβ [f(R)−RfR(R)]
+
fR(R)
;αβ
fR(R)
(gαµgβν − gαβgµν),
and
Tmαβ =
1
fR(R)
Tˆmαβ (2)
is the stress-energy tensor of matter taking into ac-
count the non-trivial coupling to geometry. The standard
perfect-fluid stress-energy is
Tˆmαβ = (ρm + pm)uαuβ − pmgαβ , (3)
where ρm and pm are the matter-energy density and pres-
sure. Furthermore, the lower index R means derivative
with respect to the Ricci scalar and, as soon as f(R) = R,
the curvature contribution T curvαβ is zero and standard
General Relativity is recovered.
Assuming a Friedmann-Robertson-Walker (FRW)
metric, from the curvature-stress-energy tensor, we can
define a curvature pressure
pcurv =
1
fR(R)
{
2
(
a˙
a
)
R˙fRR(R) + R¨fRR(R)
}
+
1
fR(R)
{
R˙2fRRR(R)− 1
2
[f(R)−RfR(R)]
}
,
and a curvature density
ρcurv =
1
fR(R)
{
1
2
[f(R)−RfR(R)]− 3
(
a˙
a
)
R˙fRR(R)
}
,
where dot indicates derivative with respect to the cosmic
time, and the effective equation of state can be related
to the curvature contributions (see Ref. [52] for details).
It is straightforward to deduce a point-like Lagrangian
for f(R) gravity in FRW metric [53], that is
L = Lcurv + Lm = a3[f(R)−RfR(R)] + 6aa˙2fR(R)
+ 6a2a˙R˙fRR(R)− 6kafR(R) + a3pm, (4)
where pm is the standard matter pressure. Then the
Euler-Lagrange equations are
2
(
a¨
a
)
+
(
a˙
a
)2
+
k
a2
= −ptot (5)
and
fRR
[
R+ 6
(
a¨
a
+
(
a˙
a
)2
+
k
a2
)]
= 0, (6)
where ptot = pcurv + pm. From the energy condition, we
have (
a˙
a
)2
+
k
a2
=
1
3
ρtot, (7)
with ρtot = ρcurv + ρmatter. Combining Eqs.(5) and (7)
we obtain the standard Friedmann equation
a¨
a
= −1
6
(ρtot + 3ptot) , (8)
where the source is improved by the curvature contri-
butions. The Euler-Lagrange Eq.(6) gives the curvature
constrain
R = −6
[
a¨
a
+
(
a˙
a
)2]
(9)
3assuming a null spatial curvature. In this picture, the
form of the function f(R) can give rise to acceler-
ated/decelerated behaviors [31] addressing cosmic dy-
namics other than the standard matter dominated. This
form can be achieved asking for first principle as Noether
symmetries as we will see below.
III. f(R) GRAVITY IN STRING LANDSCAPE
Several f(R) gravity models can be connected to
string-equivalent models with the following considera-
tions. Let us define the tree-level dilaton-graviton string
effective action
A =
∫
dDx
√−Ge−2φ [R+ 4∇µφ∇µφ+ Λ] , (10)
that is obtained in the low-energy limit considering only
the scalar dilaton and the graviton [39–47]. D = n + 1
are the spatial + time dimensions, G is the determinant
of the D-dimensional spacetime metric, and Λ is a string
charge mimiking the cosmological constant. In this pic-
ture, the effective string action reduce to a scalar-tensor
theory. In general, this theory shows the symmetry
φ→ φ˜ = φ− 1
2
ln (g00), (11)
that, in the case of a spatially flat, homogeneous and
isotropic metric,
ds2 = dt2 − a2(t)dx2i , (12)
reduces to
a→ a˜ = a−1, φ→ φ˜ = φ− n ln(a) , (13)
where a(t) is the cosmic scale factor. This is the dual-
ity symmetry of the scale factor a for the string-dilaton
cosmology. The relations of Eqs.(13), between the cos-
mological solutions allow to construct the pre-Big Bang
cosmological models [45].
From the action Eq. (10) we can derive the field equa-
tions by varying with respect to the metric tensor and
the dilaton field. We obtain Einstein a Klein-Gordon
field equations. In 4D, we have
Gµν =
1
2
Λgµν+2gµνφ−2gµν∇µφ∇µφ−2∇µ∇νφ , (14)
and
φ = ∇µφ∇µφ− 1
4
(R+ Λ) . (15)
The dilaton solution φ can be achieved from the trace of
Eq. (14). It is
φ = −R
6
+
4
3
∇µφ∇µφ− Λ
3
. (16)
Comparing with Eq. (15), we get
φ = −1
2
R, (17)
and also
∇µφ∇µφ = 1
4
(Λ−R). (18)
With these simple considerations in mind, let us now
interpret the further mode coming from the dilaton φ
under the standard of f(R) gravity. Let us assume the
transformation
gµν(x)→ g˜µν(x) = Ω2(x)gµν(x). (19)
The string-dilaton and f(R) actions can be mapped into
each other as
√−ge−2φ (R+ 4∇µφ∇µφ+ Λ) =
√
−g˜f(R˜) , (20)
which, using Eq.(19), can be recast as
e−2φ (R+ 4∇µφ∇µφ+ Λ) = Ω4f(R˜). (21)
The latter becomes
f(R˜) = 2ΛΩ−4e−2φ , (22)
which, by choosing Ω = e−φ according to the dilaton
coupling, assumes the form
f(R˜) = 2Λe2φ ,
and then the scale factor duality a→ 1/a is recovered for
f(R) gravity. It is straightforward to show that a general
point-like f(R) Lagrangian exhibiting duality is [48]
L = [f(R)− f ′(R)R] + 12
(
a˙
a
)2
f ′(R) . (23)
General duality transformations can be achieved asking
for Noether symmetries (see App. A). Assuming
R = Ae−φ, f(R) = e−2φF (φ) , (24)
it is be possible to generalize the Lagrangian (23) to the
form
L = [e−2φ (F ′(φ)− F (φ))]−
12A−1e−φ
(
a˙
a
)2
[F ′(φ)− 2F (φ)] . (25)
From Eq. (25), specific f(R) showing duality can be
obtained. In particular,
f(R) =
1
A
(
ξR− γ
A
R2
)
, (26)
where A, ξ, and γ are constants, is the Starobinsky model
for inflation [54]. By the same Noether Symmetry Ap-
proach, one can find out other models as f(R) = R1/2
4[48], f(R) = R3/2 [52], f(R) = R2 [35], and f(R) =
R − R−4/3 that exhibit duality. As discussed in Ref.
[35], some of these models are in good agreement with
dark energy behavior so they can be, in principle, suit-
able to represent early and late time cosmology starting
from first principles. In the next section we will dis-
cuss swampland criteria for f(R) gravity. In Appendix
A, details on Noether symmetries related to duality are
reported.
IV. THE SWAMPLAND CRITERIA IN f(R)
GRAVITY
The swampland criteria for f(R) gravity can be dis-
cussed adopting conformal transformations and recast-
ing the theory from the Jordan to the Einstein frame
[55]. The f(R) gravity action of Eq. (1) can be rewritten
as
A˜ =
∫
d4x
√
−g˜
[
−1
2
R˜+
1
2
g˜µν∂µφ∂νφ− V (φ) + L˜M
]
,
(27)
specifying the above transformation (19) as
g˜µν = e
−2kφgµν . (28)
We have the effective scalar field
φ =
1
2k
ln(fR), (29)
with k a generic constant and fR = e
2kφ (see [56] for
details). In the action of Eq. (27), V (φ) is the effective
potential related to the conformal field,
V = −1
2
(
f −RfR
f2R
)
. (30)
Deriving this potential with respect to the field φ, we
obtain
∂V
∂φ
= − 2k
f2R
[
−f + RfR
2
+
fR
2
(
∂f
∂fR
)
− f
2
R
2
(
∂R
∂fR
)]
,
(31)
and finally we can write the relation
∇φV
V
=
(
4k
f −RfR
)[
−f + RfR
2
+
fR
2
(
∂f
∂fR
)
(32)
− f
2
R
2
(
∂R
∂fR
)]
.
A quantitative proposal for constraints on potentials,
that are not in the swampland, is reported in [7]. Hav-
ing defined the general form for the effective potential in
f(R) gravity, we can now discuss the Swampland Con-
jecture [10] in order to be consistent with string theory
at the high energy regime. The criteria are the following:
• Swampland Criterion 1
Any effective Lagrangian has a proper field range
for |∆φ| ≤ ∆ where the expectation is that ∆ ≈
O(1). In particular if we go a large distance in field
space, a tower of light modes appear. This criterion
implies a limit to the quantity ∆φ. The condition
can be written as
|∆φ| = | 1
2k
∆ ln |fR|| = | 1
2k
1
fR
fRR∆R| < ∆ ≈ O(1) .
(33)
In order to obtain, this expression for the first
swampland criteria for f(R) models, we used Eq.
(29). Clearly, in order to achieve the condition, the
shape of f(R) function and its derivatives are ex-
tremely relevant. It is important to see that the
ratio between the first and the second derivative in
R has the main role in view of satisfying the crite-
rion. In particular the shape of f(R) is important
for convergence and stability of models approaching
singularities [33].
• Swampland Criterion 2
The effective potential V (φ), for V > 0, has to
satisfy the lower bound condition |∇φV |/V ≥ c ≈
O(1) in Planck units. For the specific case of f(R),
this condition can be written as
|∇φV |
V
= |
(
4k
f−RfR
)
[−f + RfR2 + fR2
(
∂f
∂fR
)
− f2R2
(
∂R
∂fR
)
]| > c ≈ O(1). (34)
This expression has been obtained by Eq. (32). For
invertible fR functions, the above equation simpli-
fies to
|∇φV |
V
=
∣∣∣∣( 4kf −RfR
)[
RfR
2
− f
]∣∣∣∣ > c ≈ O(1). (35)
As we will see below, this criterion sets strong con-
straint on the possible forms of f(R) satisfying the
swampland conjecture and can be considered for
selecting viable models at late times.
V. FROM EARLY TO LATE TIME
ACCELERATION
In this section we will take into account some f(R)
models satisfying the above swampland conditions. The
perspective is to relate early and late cosmological eras
[31]. It is important to stress that, according to Sec.
III, the models below can be selected by the Noether
Symmetry Approach that guarantees duality invariance.
According to our prescription, they can be seen as effec-
tive models related to the string landscape. Specifically,
we will choose power law models [52, 57, 58] and the
Starobinsky model [59] connecting inflation and dark en-
ergy epochs. The first choice is related to the fact that we
5can study small deviations with respect to the Hilbert-
Einstein action of General Relativity implying f(R) = R.
As we will see, these deviations can be suitably related to
the swampland criteria. The second choice comes from
the fact that Starobinsky model, according to the recent
PLANCK release [60, 61], is one of the best candidate to
fit inflationary behavior and, as discussed above, it can
be recovered from the Noether Symmetry Approach in
relation to duality (see Eq.(26)).
A. Power law Models
Let we start considering a power law model as
f(R) ∝ R1+ (36)
where  is a parameter that controls the magnitude of the
corrections with respect to the Hilbert-Einstein action.
Assuming small deviation with respect to GR, that is
|| << 1, it is possible to write Eq. (36) as
F (R) = R1+ ≈ R+ R logR+O(2). (37)
Such models can achieve the production of gravita-
tional waves in the early Universe [62] as well as small
deviation by the apsidal motion of eccentric binary stars
[63]. Furthermore, these models have been tested to
study null and timelike geodesics in the cases of Solar
System [64] and for black hole solutions [65, 66]. Also
if they are often considered nothing else that toy mod-
els, they indicate how deviations with respect to General
relativity can affect dynamics.
By the conformal transformation of Eq.(36), one ob-
tains
V (φ) =

2(1 + )2
[
e2kφ
1 + 
] 1−

, (38)
by which it is possible to recover the cosmological con-
stant as soon as  → 1, while for  → ∞ it goes to an
exponentially suppressed plateau.
If one considers the early universe, it has been argued
that models of this form, with a non canonical kinetic
term of inflaton, may be naturally obtained even if the
original potential is not particularly flat [67–69]. Specif-
ically, such a potential can satisfy the swampland con-
ditions taking into account that mechanisms in this sce-
nario invalid the slow roll condition [14].
On the other hand, at late epochs, such f(R) model
give rise to cosmological models which well fit SNeIa and
Cosmic Microwave Background data for  ∼ −0.6 and  ∼
0.4 [57]. However1 they have to be carefully considered to
1 Since the swampland criteria only establish an order of magni-
tude for the upper limit on the quantities of the theory, a detailed
observational analysis is useless in this context.
address the accelerated/decelerated transition necessary
for structure formation. In order to discuss if some values
of  satisfy the swampland criteria, let us recast Eq.(34)
for power-law models. This implies∣∣∣∣V,φV
∣∣∣∣ = ∣∣∣∣(2(1− )
)∣∣∣∣ > O(1), (39)
defined for  6= 0. The O(1) for the modulus in Eq. (39)
is satisfied in the regions  < 2/3 and  > 2, where the
first is compatible with values required to describe an
accelerated late expansion of the universe.
We note that the above swampland criteria is not de-
fined for → 0, that is required in the solar system [64].
In some sense, this condition is obvious because stan-
dard General Relativity cannot be recovered in the string
landscape if not equipped with further fields as dilaton
eventually emerging for f(R) 6= R according to the above
discussion.
Looking at the first swampland criteria, we can see
that the condition |∆φ| <∼ O(1) is also satisfied for the
model considered. Indeed, using Eq.(39) and the relation
∆V = ∂V∂φ∆φ, one can write
|∆φ| =
∣∣∣∣∆VV
(

2(1− )
)∣∣∣∣ <∼ O(1). (40)
Assuming the value ∆φ ∼ 1 as the upper limit in the
equation above, we can see that for the value  ∼ 0.4 the
first swampland condition is satisfied whenever |∆V | <∼
3V . According to Ref. [57], this value can be in agree-
ment with late time accelerated behavior. This means
that the first swampland criteria is satisfied for effective
field excursions such that the potential varies not much
more than approximately two or three times its value.
If we consider, instead, the value  ∼ −0.6, also sug-
gested by observations, we obtain the less stringent limit
|∆V | <∼ 5.3V . Clearly, these values of  can give rise
to models matching only partially the cosmic evolution.
However, they indicate that, from models coming from
the string landscape lying in the string landscape, it is
possible to fit the late time evolution.
Specifically, it is worth noticing that the value  ∼
0.4 give rise to f(R) ∼ R3/2. Such a f(R) function is
important because it gives the only analytically invertible
conformal model [52] described by
L = √−gf0R3/2 ↔ L˜ =
√
−g˜
[
− R˜
2
+
1
2
∇µϕ∇µϕ− V0e
√
2
3ϕ
]
(41)
which corresponds to the so-called Liouville theory. It
is exactly integrable and provides a model capable to
match dark energy, matter and radiation epochs [58, 70–
72]. The general solution is
a(t) = a0
[
c4t
4 + c3t
3 + c2t
2 + c1t+ c0
]1/2
. (42)
According to the values of the constants ci which are com-
binations of the initial conditions. For example, c4 6= 0
6gives a power law accelerated behavior while, a radia-
tion dominated stage is obtained if c1 prevails on the
other terms. It is interesting to stress again that the
form f(R) ∼ R3/2 is obtained by the Noether symme-
tries [52, 53] and it is compatible with string landscape
thanks to duality invariance.
B. The Starobinsky Model
As we said above, a model like
f(R) ' R+ αR2 (43)
can be obtained considering string duality transforma-
tion gravity from Noether Simmetry Approach [48]. It
can be related to the original Starobinsky model, work-
ing in early cosmology [54] and can improved allowing a
description of both the early and late cosmological accel-
erated phases [59],
f(R) = R+ λR0
[(
1 +
R2
R20
)−n
− 1
]
+
R2
6M2
. (44)
where n and λ are positive values, M is the effective mass
of the scalaron2. The scalar curvature R assume very
large and positive values in the past while R0 value is of
the order of the current observed cosmological constant.
The second term of the equation above is negligible in the
early universe [59]. This yields a self-consistent cosmo-
logical model with a (quasi-)de Sitter stage in the early
universe with slow-roll decay, that is a graceful exit to
the subsequent radiation-dominated stage. At the same
time, the last term of Eq.(44) is negligible in the recent
universe [59], and then the model describes a successful
late time cosmological acceleration satisfying cosmolog-
ical [73–75], Solar system and laboratory tests [59, 75].
According to these considerations, the Starobinsky model
for early and late epochs can be related, from one side,
to the string landscape satisfying the swampland crite-
ria and, from the other side, to emerge in late acceler-
ated epoch thanks to Eq. (44). In other words, the re-
ported tension between the early de Sitter behavior and
the swampland criteria [10, 22, 76] could be solved im-
proving the Starobinsky model like in Eq. (44), that has
been successfully tested against observations [77]. In par-
ticular, it is possible to found values of parameters (n, λ)
that can be constrained by data assuming a Chevallier-
Polarski-Linder (CPL) [78, 79] equation of state of the
form w(z) = w0 + waz/(1 + z). Specifically, three cases
are been studied as compatible with the observations [77]:
case 1) n = 2 and λ = 0.95; case 2) n = 3 and λ = 0.73;
2 The scalaron is a massive scalar particle arising in the early uni-
verse and it is related to the further degrees of freedom of the
gravitational field coming from the R2 term in the gravitational
action [54]
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FIG. 1: Behaviour of the |∇φV |/V for the Starobinsky cases
studied in Sec. V B: case 1 (n = 2 and λ = 0.95) with red
line, case 2 (n = 3 and λ = 0.73) in black line and case 3
(n = 4 and λ = 0.61) in blue line.
case 3) n = 4 and λ = 0.61. The best fit values con-
strained are (w0, wa) = (−0.92,−0.23), (−0.94,−0.22)
and (−0.96,−0.21), respectively [77].
In order to analyze if the background dynamics of these
three cases is compatible with the swampland conditions,
we consider the ratio R/R0 comparing the value of curva-
ture R with the effective cosmological constant R0. Ac-
cording to the CPL parametrization, This ratio can be
obtained as a function of the redshift.
Let us focus in the range 0 ≤ z ≤ 1, restricting our con-
sideration to the regime where quintessence dominates.
In other words, we are far from the epoch where matter
is dominating and the universe is decelerating. Consid-
ering the best fit values for the three cases [77], we can
see that at z = 0, the ratio Rz=0/R0 ∼ 1 for the three
models, while for z = 1 we get Rz=1/R0 ∼ 1.3.
In Fig.(1), the behavior of |∇φV |/V for the Starobin-
sky model against the ratio R/R0 for the three set of solu-
tions is reported. The Swampland condition, |∇φV |/V >
c ≈ O(1) with V > 0, is not satisfied in late universe
regime for the cosmological values used, although it is of
the order of magnitude O(1) at more higher red shift.
For z = 0 (R/R0 ∼ 1), General Relativity is recovered
and this model does not satisfy the swampland condi-
tions. For z = 1 (R/R0 ∼ 1.3), in the case 3), shown in
the blue line in Fig.(1), |∇φV |/V is of the order of O(1).
This regime is recovered also for the others two cases at
higher red shift. From these considerations, we can infer
that the exit from the swampland regime coincides with
the recovery of General Relativity.
VI. CONCLUSIONS
In the last decades, there was a growing interest in
connecting viable cosmological models with a quantum
theory of gravity capable of discriminating among effec-
tive field models belonging to the so called string land-
scape. Swampland criteria have been recently established
7in order to select effective field potentials. Specifically,
considerable interest aroused because exact de Sitter so-
lutions, with a positive cosmological constant, seem to be
not compatible with the string landscape, i.e they cannot
be related to some fundamental theory in the high energy
regime. In this paper, we improved the current discussion
analyzing the viability of the f(R) gravity in light of the
swampland criteria. The f(R) theories of gravity, con-
sidering the last observational releases (e.g. PLANCK),
seem a realistic approach to both represent primordial
universe emerging from inflation (the Starobinsky model
is a paradigm in this sense) and to gives rise to models
capable of addressing the late time accelerated expan-
sion. It is worth noticing that several f(R) models are
invariant under string duality according to the presence
of Noether symmetries. This feature allows to identify
suitable f(R) models naturally coming from the string
landscape. In this sense, we can say that the presence of
duality is a third swampland criterion.
We discussed power law f(R) models pointing out val-
ues of the exponent where criteria are can be both in
agreement with swampland conjecture and with late ac-
celerated behavior. In this perspective, this could be a
first step to relate effective models coming from some
fundamental theory with late observed behavior of the
cosmic flow passing through intermediate stages [80, 81]
if suitable distance indicators are selected. In particu-
lar, the exact general solution derived from R3/2, seems
useful to address several cosmic epochs according to the
values of the integration parameters (see [82] for a de-
tailed discussion).
Furthermore, we considered the Starobinsky model
that seems to connect early and late epochs. As dis-
cussed in [48], this model is duality invariant and well
fit the PLANCK data [60, 61] so it could be a realistic
approach to trace the whole cosmic history. Taking into
account a CPL parameterization for the equation of state,
it is possible to represent the exit from the swampland
regime towards the recovery of General Relativity.
In a forthcoming paper, this discussion will be im-
proved considering a detailed matching with data of the
above models.
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Appendix A: The Noether Symmetry Approach
The presence of Noether symmetries allows to reduce
and then, in principle, to solve dynamics in a given dy-
namical system. In particular, dynamics related to the
Lagrangian (4) can be discussed by the Noether Symme-
try Approach [51, 53, 65, 72]. The conserved quantities
are Noether symmetries that can be related to duality
[48].
The approach can be outlined as follows. Let us take
into account a canonical, non-degenerate point-like La-
grangian L(qi, q˙i) where the conditions
∂L
∂λ
= 0, detHij ≡ det
∥∥∥∥ ∂2L∂q˙i∂q˙j
∥∥∥∥ 6= 0, (A1)
hold. Here Hij is the Hessian matrix, the dot is the
derivative with respect to the affine parameter λ. In
general, L can be reduced to the standard mechanical
form
L = T (q, q˙)− V (q), (A2)
where T and V are, respectively, the kinetic and poten-
tial terms. The energy function comig from L is
EL ≡ ∂L
∂q˙i
q˙i − L , (A3)
which is a constant of motion, eventually equal to zero
in cosmological context. Since cosmological problems
have a finite number of degrees of freedom, one can take
into account point transformations. Invertible coordinate
transformations Qi = Qi(q) induce transformations of
the velocities, that is
Q˙i(q) =
∂Qi
∂qj
q˙j , (A4)
and the Jacobian of the transformation J =
det
∥∥∂Qi/∂qj∥∥ is assumed to be non-zero so that the
transformation is regular.
An infinitesimal point transformation is represented by
a vector field
X = αi(q)
∂
∂qi
+
(
d
dλ
αi(q)
)
∂
∂q˙i
. (A5)
L(q, q˙) is invariant under the transformation X as soon
as
LXL ≡ αi(q) ∂L
∂qi
+
(
d
dλ
αi(q)
)
∂
∂q˙i
L = 0, (A6)
where LXL is the Lie derivative of L. In particular, the
condition LXL = 0 means that the vector X is a sym-
metry for the Lagrangian L. Let us consider now a La-
grangian L and the related Euler-Lagrange equations
d
dλ
∂L
∂q˙j
− ∂L
∂qj
= 0. (A7)
8Considering the vector X and contracting Eq. (A7), we
obtain
αj
(
d
dλ
∂L
∂q˙j
− ∂L
∂qj
)
= 0. (A8)
Since
αj
d
dλ
∂L
∂q˙j
=
d
dλ
(
αj
∂L
∂q˙j
)
−
(
dαj
dλ
)
∂L
∂q˙j
, (A9)
from Eq. (A8), it follows
d
dλ
(
αj
∂L
∂q˙j
)
= LXL. (A10)
The consequence is the Noether theorem, that is, if
LXL = 0, then the function
Σ0 = α
k ∂L
∂q˙k
, (A11)
is a constant of motion.
Considering the specific case which we are discussing,
that is f(R) gravity cosmology, the configuration space is
Q = {a,R}, and the tangent space is T Q =
{
a, a˙, R, R˙
}
.
The Lagrangian is an application
L : T Q → R, (A12)
where R are the real numbers. The generator of symme-
try is
X = α
∂
∂a
+ β
∂
∂R
+ α˙
∂
∂a˙
+ β˙
∂
∂R˙
. (A13)
A symmetry exists if LXL = 0 has solutions. Alterna-
tively, a symmetry exists if at least one of the functions
α or β is different from zero. Going to our specific case,
the Lagrangian (4), and setting to zero the coefficients of
the terms a˙2, R˙2, a˙R˙, we obtain the following system of
equations
f ′(R) (α+ 2a∂aα) + af ′′(R) (β + a∂aβ) = 0(A14)
a2f ′′(R)∂Rα = 0, (A15)
2f ′(R)∂Rα+ f ′′(R) (2α+ a∂aα+ a∂Rβ)
+aβf ′′′(R) = 0,
(A16)
and, finally, setting to zero the remnant terms, we obtain
the constraint
3α (f(R)−Rf ′(R))− aβRf ′′(R)−
6k
a2
(αf ′(R) + aβf ′′(R)) = 0. (A17)
To solve the system (A14)-(A17), explicit forms of α and
β have to be found. We can say that if at least one of
the functions α and β are different from zero, a Noether
symmetry exists. If f ′′(R) 6= 0, Eq. (A15) can be imme-
diately solved being
α = α(a). (A18)
The case f ′′(R) = 0 is trivial because it corresponds to
General Relativity. Eqs. (A14) and (A16) can be written
as
f ′(R)
(
α+ 2a
dα
da
)
+ af ′′(R) (β + a∂aβ) = 0, (A19)
f ′′(R)
(
2α+ a
dα
da
+ a∂Rβ
)
+ aβf ′′′(R) = 0. (A20)
Being the function f = f(R), then ∂f/∂a = 0. Eq. (A20)
can be solved considering
∂R(βf
′′(R)) = −f ′′(R)
(
2
α
a
+
dα
da
)
, (A21)
and, integrating, the solution is
β = −
[
2α
a
+
dα
da
]
f ′(R)
f ′′(R)
+
h(a)
f ′′(R)
. (A22)
Eq, (A19) gives
f ′(R)
[
α− a2 d
2α
da2
− adα
da
]
+ a
[
h+ a
dh
da
]
= 0, (A23)
with the solution
α = c1a+
c2
a
and h =
c¯
a
, (A24)
where, a being dimensionless, c1 and c2 have the same
dimensions. Being α dimensionless, the dimensions of β
are [β] = M2. Then also [c¯] = M2, so it is:
β = −
[
3c1 +
c2
a2
] f ′(R)
f ′′(R)
+
c¯
af ′′(R)
. (A25)
This Noether symmetry implies the existence of a con-
stant of motion. From Eq. (A11) and the Lagrangian (4)
we obtain:
α
(
6f ′′(R)a2R˙+ 12f ′(R)aa˙
)
+ β
(
6f ′′(R)a2a˙
)
= µ0 .
(A26)
This constant of motion gives duality for f(R) models
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